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Practical methods for UQ

Here are some keywords techniques you may come
across

when looking for UQ methods for deep neural networks
ToAY

7 Deep Ensembles
Lakshminarayanan et al Simple Scalable UQ Neurips2017

2
ifeng.ioouioT Efs.iImtieintrotoce arxiv 20213

3
49haYmussÉn Williams GaussianProcessesfor ML MITPress2006

y LaplaceApproximation
Daxberger et al Laplace Redux Neurips 2021

5
Mcfall nahP Dropout as BayesianApprox ICML2016
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dly awoed have uncertainty 1018

over space of solutions given dataset But this is hard

retell full Bayesian approach
Recall how we ideally had
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Instead deep ensembles approximate this empiricallyby
replacing tritcontatintgral w weedsumofpoint
estimates Specifically

Train K independent neural networks via MLE

This gives you 0 Ot OE differentparameter
values b c randomization stch
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P OLD ftp o

uned p.de afnI noE



To form predictions withuncertainty we do

ply D
pcylxiois.EE

since we just have k Diracdelta's this is
a unelyeighted mixture model
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What can we do with the ensemble

if disagreement i.e variance 02ns x is toohigh
then this means the model is not confident

maybe robot should stop ask for help etc
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CONFORMAL

PREDICTIONEnsembling
has been very successful empirically BUT

it requires you to train k separate versions of

your predictive model This is not possible when

you download pre trained model

2 you are training a foundation model

ex it took 3 months to train GPT 4
now imagine having to do that k times

So what kind of uncertainty quantificationtechnique
could we use in such a situation

conformal prediction is a way to generate prediction
sets for any pre trained

model.GOALGIVENlearned
linear

predictorRegression
interval

pretrained frozen

Classification

setoflassleftaberights
class

boundaryLet'sunderstand it via a image classification problem



GOALex imagetirdex alasiinyleft1ldotsKrightfresh unseenbymodelGiven

a calibration dataset leftleftXiYirightrighti1Nsimcoprod i i d

a model Fy x which estimates YI x
true distributioninputs are X

outputs are overy
a new input I 1N1

ex new
imagereturns

subset of labelspacePredicta SET CleftXN1rightsubseteqy
finition c depends on the modelf ex NN

which contains the TRUE CLASS yn1 with high probability
COVERAGE GUARUNTEE

user defined
error ratePleftyn1inCleftxn1rightrightgeq1alpha

ex α 0 1 then
prob that lesel is in set
is 90

new image w unknown
label

hardexampleeasy

exampleDesired

Properties of Algo
1 Exact coverage

Small set size CleftXright
3 Adaptive sets small sets when easy bigsets when hard

Ex naive wayto getcoverage
y w p 1 α all labels

CleftXn1right w p α no labels

get coverage but trivial useless



CONFORMAL PREDICTION ALGORITHM Novk et al 2005

SCORE how poorly the model predicted the true

class for all data in calibration set leftleftxiyirightrighti1ND calib
softmaxprob

0.6scoreyNON CONFORMITY SCORE
scalar

si1fyileftxirightfleftxirighty
n1 y

Yiclass
high score model is more WRONG

low score model is moreRIGHTthen
cless

label
lex eat

xidownarrow

Si10604
compute si for all XiYi EDealib
Youget this empiricaldistribution overthe non conformityscorestryMMM

mn
scores

compute the 1 α empirical quantile of nonconformity
scoresRecall0.5 quantile is just the median it's the value of a

random variable such that 50 of the probability
mass is below or to the left of this value

0.9 quartile is value where 900 of probability mass
is below or to the left of this

valueDefp quantile of distribution IP is the value x such that

PleftXleqxrightgeqp future non conformity

scoreTheoreticallyfind qn sit PleftoverlineSN1leqhatqNrightgeq1alpha
α 0 7

find non conformity score value large enough that only 10 of
future values will ever exceed it i.e our error rate



CHALLENGE theoretical vs empirical quantile If we had

infinite data in our calibration set then
geq1alpha qn would be perfect But we

have finite data ex 100pts
so if we just took 1 2 quantile

we would pick 90ᵗʰ smallest value out

of N 100pts we would not account for the N1 101thpt

truedist
assumingN 0

far
mn

scores

8Nand
our coverage would only be frac90101approx891geq 9001

Answer do a finite sample adjustment and instead of
taking 1 α quantile we take sqrtleft1alpharight n 117 quantile

intuition by multiplying by leftn1right we are

accountingforhow snt may be ranked relative toSrtt g Snti Sati
existing calibration pts

S s 53
Srtl SNSnti

In our 100 data pt example we would pick sqrtleft1alpharightn 1
sqrt09101791 St smallest value out of 100pts and

our coverage is frac91101approx9009geq90
see proof for why this works in Appendix D of
A Gentle Intro to Conformal Prediction
and Prof Ryan Tibshirani's notes on class website

I only works b c data Xi Yi is iid.IT
or in general exchangeable



Form prediction sets using the qn we

constructedbeforewith finite sample adjustment NOTE youmaysee

sleftxN1yrightleqhatq

CleftXN1rightleftyfyleftXN1rightgeq1hatqNright1hatfleftXN1rightleq
hatfleftxn1rightgeq1hatq

include allclassessoftmaxscoreswith highenough
softmax outputuparrow1hatqWfleftXN1righty

classes

CleftXn1right cat baby mouse

X
NtlTheorem

Informal For any model dataset
propto N you

acheive the coverage guarantee

1alphaleqPleftyN1inCleftxN1rightrightleq1alphafrac1N1
ex if alpha01 and N100 then the size of the

prediction set is not too conservative except for
a factor of frac1N1 So 09leq1Pleftldotsrightleq091
Some Things to consider

I Exchangeable or i i d dataset is often not true in
sequential decision making domain

2 The design of non conformity score REALLY matters key
design question in C

3 Think carefully about how to construct calibration data


