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formalizing safesets

computing safety filters
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Today we will tackle this challenge head on

synthesizing i.e computing safe sets safety filters

we will talk about a general computationalframework

for getting S and safe and hit that

is granted to be VALI MAXIMAL
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N Net iscompatiblewtmoderncomp.tools 5L



Formalize safety via reachability
we want to compute optimal controllers that ensure our

robot never enters failure AND figure out from which

initial conditions is the robot doomed to fail in the future
These questions objective fall under something called

reachability analysis
This is the fundamental problem of identifying

if a certain state of a system is reachablefrom an

initial state of the system
Safety Analysis Roadmap
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While there are many ways to compute the safe unsafe set

we will primarily study
Hamilton Jacobi HJ Reachability

some nice properties of this paradigm
a enlode control bounds state constraints

2 automatically gives both sets AND safepolicy

3 general nolinear dyn systems
4 robustness to uncertainty other agents adversaries
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How do we mathematically describe the safe set S and o

the unsafe set k

The BACKWARDS REACHABLE TUBE BRT of a failure set

F and a dynaminal system x flxin is precisely the

set of all states that will eventually reach F despite

the robot's best control efforts
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let x ̅ in set of states we want to do analysis over
Let BRTCt EX at time t typically unsafe set

BACKWARDS REACHABLETUBE BRT of set F CX and system

f x y is
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this is the math diff of being doomed



Highlights Easily's Ettyconstraints

it t.ie EIto compute
automatically on

problem

CHARACTERIZE ENCODE COMPUTE

HJ Reachability
We know connection btwn the BRT the failure set lets

talk about computing the BRT

HJ Reachability uses LEVEL SET METHODS to convert the

BRT constraint satisfaction problem into an optimal ctrl

p w̅ aftsystemproblem

iEEfuetHere's the process

a we have the failure set F CX p o EB
2 Define a function f x X IR
to implicitlyrepresent this failureset px
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eg signeddist fun is what we use
in practice
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3 Now we want to optimize Uc J X UC t 0

with respect to ex since this is gut
our optimal control cost function

P 1,0J x net t ftp.tgl aka
t

closest our systemgot to failurewhen
applying all and startingfrom

J t EBay

By looking the of the cost p pfJC 1 we can tell if the tray
ever entered F given all

If we want to stay safe control should maximize J
vexit

marriage
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If V x t co for some state to then this means that

the controller us tried but failed to prevent failure despite

its best efforts to BRT

If V x H 20 for some Xo then this means there exists a

Ctrl signal all that can preventfailure to BRT

Once we obtain x t we also obtain the unsafe set BRT

this see BRICH x vixit co



Now we have an optimal ctrl problem whose solution

will automatiially give us unsafe set BRT how do we solve
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Hmm but the min over time is not the usually runningcost

Good news principle of dyn programming still works
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ME min ftp fxcel vexit st tts

We ultimately can recover a very similar Bellman like

equation But the key difference is we do amind
with our elx function each backup



safety centril dynamic programming equation s

discrete time tex y

Hamilton Jacobi Bellman Equation

Utex mince macguffin
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continuous time TER J
HJ variational Inequality HJ VI
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x o 0 XES we computed our safety
x o to xell filter ingredients



Getting our safety monitor i.e the unsafe set boundary

Bydesign the zero sub level set of VC encodes

our unsafeet

UnsafeSet BRTH x V x t co

Gettingsafety preserving policy

we can also compute the optimal safetypolicy via the

optimal value function too
Cont time's

us x t
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byhand

Erse compute a BackwardsReahabletuber i e unsafesit
twitelloperate in discrete state time to build intuition

Safety Bellman Eqn

Utex min Go mate Effing
X x remedies Taunton future

system state x Iy EX Tr
system ctrl well

179p

I I
F failure sets

signeddistance
encoding F

III III II

We initialize Vt x l x Compute Vt x

and Vt 2 x



CodeDemo in MATLAB solver helperOC levelSettoolbox
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computed unsafe set i.e backwardsreachabletube

BRT of
dubins car

Way easier as an engineer to specifyfailure set F than

to specify BRT Thats why we want toconfute BRTEvenF



WE if you are interested in derivation of HJ VI lets
start from

withthisreformulation we canfocuson studyingwhathappenswhen 0 i e How does

valuefunction currentstatechangewhenwe make smallchanges in our decisions

Asbefore do TSE of x1 8 f around it
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Since this statement is true for all 8 0 we can scale the

RHS by a pos number it doesn't affect the minimization

comparison Thus we can remove the f and achieve

HJ variational Inequality HJ VI

min ext vexitt E may2 fixin o

V x T l x


