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)
min]l(,l.l, T_Il)
Tt > i € {H,R}
s.t. tteX'(r™)
S
Constraints (that depend
on other agent(s) )
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This talk:
systems (e.g. from direct transcription)
cost structure

For now:

1! is open-loop strategy
(sequence of continuous control inputs)




Interaction as a Game

The to opponent strategies ™

/

Si(r_'i) = arg mil_n]"(ri, T_'i)
T

s.t. TP EKI(T™)

\

J

>iE{H,R}
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The Generalized Nash Equilibrium Concept

When to the others’

T eSH ™) ;e (H,R} )

... we have found a

: no player as a incentive to deviate!
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Solving Trajectory Games
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Naive Approach:

Start with an initial guess t; = % = (¢1, %%, ..., tV);
exercise the equilibrium conditions as an update rule!

i =tH T =t
T, € §"(11) 3 =14"
H _ _H R(.H
13 =13 §7(17)
7, € S7(7% T4 = 13"

until: 7¥~1¢_; and T = Tf

U

Satisfies Nash

conditions TIl{ — Tl* = SL(T_IL*)J L € {H'R}
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Naive Approach:

* Easy to implement with standard optimization tools
 If it converges, it finds a Nash equilibrium

* No convergence guarantees ( )
+ Slow convergence = many optimization steps

mainly useful as debugging tool!

Can we do better?




Solving Open-Loop Games as Mixed Complementarity Problems

Key Idea: Search for trajectory profile that satisties the coupled KKT conditions.
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Solving Open-Loop Games as
Search for that satisfies the

Player i

Optimization Problem: min ] { (Ti, T_'i)
Tl

s.t. ht (Ti,T_'i) >0

Lagrangian: ,Ci(‘[i,‘[_'i,/li) — ]i(Ti’T_Ii) _ AiThi(Ti’T_li)

cost constraints




Solving Open-Loop Games as

Search for that satisfies the
Player i Lagrangian: Li(’[i AL /1i) =]i(Ti T_Ii) _ AiThi(Ti T_Ii)
Coupled KKT system: f vV .Li=0
Vi €[N]={ "= 7
0<hil=>0.

B

stacked for all players
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Solving Open-Loop Games as

We can recognize the KKT system as a

Coupled KKT system as MCP: Given F: R* » R%;u,¢ € R%; find z € R s. .
F(z) L{<z<u

z = [;} Vi], F(z) = [thifi} ‘v’i], L = [_go} Vi], u= [z} Vi] |

If VF is , modern MCP solvers, e.g. PATH?, can find solutions rapidly!

Example: 5-player game, 25 time steps
3,208 decision variables,

*[Dirkse 1995]



Beyond Open-Loop Information Structure:



Why Care About Feedback?

Open-loop games
 Capture rich behavior, including collision avoidance etc.
* Receding-horizon takes care of prediction errors

But: Open-loop games cannot capture
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Feedback to the Rescue

fixed strategy

—>
players reason about time-varying : :

‘s yh X x[T] - U
utlf — yl(xt' t)




Generalized Feedback Nash Equilibria

even a rigorous problem definition for feedback-GNE can be overwhelming.

Feedback-GNE result in problems!
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Generalized Feedback Nash Equilibria

: enforce that y* = (y*, ...,yN*) € (I'* x - x 'V) also is an

yi*(xb t) — U%* € arg mil-n Z ]Il( (xk' Vi(xk' k)' y_li* (xkr k)) +]’§"(xT)

“okelt..T)
s. 1, uf € Kf (7™ (% 1))
(. _
where: ~l(x k) def utl:“i iftk=t
v (x, k), ifk >t

Results in T-stage nested
equilibrium problem!

vk € {t,.. T —1}:
Xi+1 = i (xk: (V (xe, k), v ™ (xx, k )))

*Forrest Laine et al. 2023



of Feedback Nash Equilibria

Feedback games with linear dynamic and quadratic costs
We can use these to solutions to non-LQ games!**

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.
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of Feedback Nash Equilibria

Feedback games with linear dynamic and quadratic costs

We can use these to solutions to non-LQ games!**
4 N\
initial strategy
- J
v
4 N\
get trajectory From Taylor-series expansion:
. J
/ . .
~ E i i
linearize Axt+1 ~ AtAxt + BtAut
dynamics i€[N]

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.
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get trajectory

~N
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linearize
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costs
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of Feedback Nash Equilibria

Feedback games with linear dynamic and quadratic costs

solutions to non-LQ games!**

From Taylor-series expansion:

Je = ¢+

2

1 1 PP
Ax[ Q. Ax, + > Z AWTR AW + Au

JEIN]

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.
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of Feedback Nash Equilibria

Feedback games with linear dynamic and quadratic costs
We can use these to solutions to non-LQ games!**

4 N

initial strategy
. J

v

4 N

get trajectory

. J

linearize quadraticize
dynamics costs

From coupled Riccati equations:

LOame Ay (Ax, t) « Kidx + ai, Vi € [N]

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.
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Feedback games with linear dynamic and quadratic costs

We can use these to solutions to non-LQ games!**
initial strategy
4 ¢ )\
get trajectory
. J
linearize quadraticize
dynamics costs
4 N\
solve
. LQ-game )
v
4 N\
update i : : i i .
| strategies y' < stepWithLineSearch(y*, Ay*), Vi € [N]

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.
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Feedback games with linear dynamic and quadratic costs

We can use these to solutions to non-LQ games!**
4 )
initial strategy
. J
v
4 )
get trajectory
. J
linearize quadraticize
dynamics costs
4 N
solve
LQ-game
. J
v
4 N
update
strategies
. J

*Bagar, Tamer, and Geert Jan Olsder. Dynamic noncooperative game theory. 1998.

*D. Fridovich-Keil et al. "Efficient Iterative LQ Approximations for Nonlinear Multi-Player General-Sum Ditferential Games," 2020.



| Final Remarks

p N Limitations:
initial strategy * Does not handle constraints (extensions exist* but are more complex)
N y « iLQGames solution is
r ' N » TL;DR: the solver ignores part of the nested policy gradlent'*
get trajectory
. J
linearize quadraticize
dynamics costs
4 N
solve
. LQ-game )
v
4 N
update
strategies
- J

*Forrest Laine et al. "The computation of approximate generalized feedback nash equilibria." 2023.



| Final Remarks

initial strategy

J

|

v
P
get trajectory
.
linearize
dynamics

costs

|

/ \
] [ quadraticize
— ——

-

.

solve
LQ-game

~N

v

-

.

update
strategies

J

Limitations:
* Does not handle constraints (extensions exist* but are more complex)
« iLQGames solution is

» TL;DR: the solver ignores part of the nested policy gradlent'*

In Practice:
» Captures characteristics of feedback Nash solutions well
due to simultaneous updates!

*Forrest Laine et al. "The computation of approximate generalized feedback nash equilibria." 2023.



| Final Remarks

initial strategy

v

(&

get trajectory

J

/\

linearize
dynamics

[ quadraticize

|

|

costs
Y
solve
LQ-game
v
update 1

strategies J

Limitations:
* Does not handle constraints (extensions exist* but are more complex)
« iLQGames solution is

» TL;DR: the solver ignores part of the nested policy gradlent'*

In Practice:
* Captures characteristics of feedback Nash solutions well
due to simultaneous updates!

Flexibility:
« Extends to
* open-loop Nash
 feedback / open-loop Stackelberg equilibria

*Forrest Laine et al. "The computation of approximate generalized feedback nash equilibria." 2023.



Beyond games with a complete model:

Joint work with Andrea Bajcsy, Chih-Yuan Chiu, David Fridovich-Keil,
Forrest Laine, Laura Ferranti, Javier Alonso-Mora.
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Challenge: intents are not known a priori

PN

:Ti, T_Ii)

T € argmin J*
Tl

s.t. TP e KY(T™)

\

J

>iE{H,R}




T'" €larg miin]‘(T‘, T4 0)
T

>iE{H,R} o

Maintdin belief over intent parameters:

e.g.,

P(0 | z,. Particle Filter
(01 20.0) N 00

Teaser: David Fridovich-Keil will show
you how to do this in week 9!




Certainty-Equivalent

0 = arg max b(0)

)

N

b(9) )

/

D = 1eft: 0 = right

[Liu 2022, Mehr 2023, Schwarting 2019, Sadigh 2016]



Certainty-Equivalent

arg miin]i(ri,r_‘i; )
T

s.t. TEE KT 0)

[Liu 2022, Mehr 2023, Schwarting 2019, Sadigh 2016]



Certainty-Equivalent

arg min J' (!, 775 0)

Tl

s.t. Tt e KI(r,0)

‘r .

S

-

= right

~

J

&

[Liu 2022, Mehr 2023, Schwarting 2019, Sadigh 2016]

e Efficient solvers
(] Potentially unsafe



Certainty-Equivalent

arg min J*(tt, 7%

Tl

s.t. Tt € Kt

t

S

Fixed Uncertainty

) ( argmlnIE Nb[]R(TR . )]
Robot <
) st TR e KR (15 0)
H(gH LR,
szan< argrrrun] (ze )
w/ intent

e Efficient solvers
(] Potentially unsafe

[Liu 2022, Mehr 2023, Schwarting 2019, Sadigh 2016]

L s.t. ] e K (tE; 0)

[Laine 2021, Le Cleac’h 2021]



Certainty-Equivalent Fixed Uncertainty

arg min J* (T 77t ) arg mln E ~b[]R (TR i, )]
Tl
. , R :
s.t. Tt e KI(r,0) s.t. Tf € K (1 0)
t . Accounts for uncertainty ﬂ
k/\ No future info gain; conservative! @) '\_/ﬁf\
A ( \
™™ | =
= left = right

e Efficient solvers

(] Potentially unsafe

[Liu 2022, Mehr 2023, Schwarting 2019, Sadigh 2016] [Laine 2021]



Certainty-Equivalent Fixed Uncertainty

Ar o

ﬂ"\ \/ﬂ,\,
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A 4

Contingency Games e

Bridge the gap by accounting for future information L-—.—>

while preserving tractability o =left 6 =right




Contingency Games
plan with current uncertainty,

but anticipate future certainty at t;



0 = left

0 = right

Contingency Games
plan with current uncertainty,
but anticipate future certainty at ty,

before t;, : a single plan that considers all hypotheses

after t;, separate plans conditioned on each outcome



6 = left

6 = right

Contingency Games

Robot

arg min Eg . b/ (5, Tl )

[

Keeps separate plan for each
of the |©| hypotheses
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6 = right

Contingency Games

Robot <

f

\.

argmin B, [J" (z/, 7{/; 0))]
1o

s.t. 7 € KR(z;0)



6 = left

6 = right

/

&

Contingency Games

Robot <

(argmin B, [J" (z/, 75 0))]
1o

s.t. 7 € KR(z;0)

HOERAIO

. / v(t,0/,0%) € ([0, &] x 62)

All plans must be consistent up to ty,



Contingency Games

argmin B[ (7, 7¢'5 )]
Q)

Robot < s.t. T8 e KR(tl;0)
T @=@ V(0,00 € (10,1 X 67

r . tHeH _R
arg min Th,Th, 0

w/ intent 0 € ©
_ s.t. ) € KA (th; 0)




Contingency Games

- Rc+R L H,
Tg* — argrrrlll(;n IEQNb[ (ty,75; 8)]

s.t. T8 e KR(tl;0)

o8(0) = 75,00 V(6,607,607 € ([0, )] X 07)

" = argmin]" (], 7; 0) A
K > V0 €O
s.t. ) € KM (5;0)




Demo



https://contingency-games-slides.web.app/17

Spectrum of Contingency Games

6 = left 6 = right

AN
4 N
Certainty-Equivalent Fixed Uncertainty
[ o ° o
A e A — A
+ [ )
W | : S
< Q@:left 9=right)

&

) - ... .
S 7 R

Branching Time (t,): known, tunable* parameter “.q., [Doro 2021, Bajcsy 2021]
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=

en=

|
0.0 0.5
belief b(8)

1.0

Receding-horizon online operation

By estimating the belief and branching time online,
we obtain an adaptive game-theoretic motion planner.



b))

0 = left

6 = right

}

&

Key Result

Contingency games generate more ¢fficient plans than
fixed-uncertainty games at comparable levels of safefy.

lasse-peters.net/pub/contingency-games
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Main Take-Aways

* Dynamic games capture interaction via

problems can be solved with

* Feedback games result in nested equilibrium problems — hard to solve exactly

tractably approximate and
other equilibrium concepts (e.g. Stackelberg, open-loop Nash)

efficiently capture uncertainty in games by modeling a
future time at which uncertainty will resolve



for Multi-Agent Interaction

Lasse Peters

Find game solvers, modeling infrastructure and more at



A Naive Formulation of Games over Feedback Strategies

As before, but now with TE3yh X X [T] - U

min J'(yLy™)
ylert

i € [N] - . o
s.t. yle Kigy™)




A Naive Formulation of Games over Feedback Strategies

As before, but now with TE3yh X X [T] - U

min - J ‘hy™)
i € [N] S
S. t y l = :}(‘ l (y -l )
Problem: solutions of this problem in a meaningtul way!

Can show: original open-loop Nash solutions also satisfy this! ((x, t) & u,ﬁ) €It



A Naive Formulation of Games over Feedback Strategies

As before, but now with TE3yh X X [T] - U

\.
i € |N] -
__—1

Problem: solutions of this problem in a meaningtul way!

Can show: original open-loop Nash solutions also satisfy this! ((x, t) & u,ﬁ) €It



QOualitative Results

Baseline 1 Contingency Games Baseline 2
Certainty-Equivalent Fixed Uncertainty
s & & A

Pras

Phas; Plas

@ @ @
g g left g
@ @ @
= £ s
o o o
J% i J% right J%
T I
1.0 0.0 0.5 1.0 . 1.0
belief b(8) belief b(8) belief b(8)



by

6 = left

6 = right

/

5

Solving Contingency Games

e Formulate KKT conditions
« KKT system is a mixed complementarity prob.
e Reformulate and use off-the- shelf solvers®

* Find satistying trajectories (T@ ) T91 Ry Tg@)

-

\
Example: 3-player game, 25 time steps, 2 hypotheses

3,208 decision variables, solution in 35 ms

*[Dirkse 1995]
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Ouantitative Results

Jaywalking
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(a) Failure rate
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Overtaking

. Baseline 3 | Ours | Ours | Ours
(MPC) (heuristic) (th = 2) (oracle)

(=]
=]
|

—_
(87
|

53]
|

branching time error
—
o
1

=

T T T T T T
0.01 0.02 0.03 0.01 0.02 0.03

. . . 2 . . . 2
human irrationality, o human irrationality, o~

(b) Closed-loop performance
for successful runs

(c) Branching time error



	Slide 1: Game-Theoretic Models for Multi-Agent Interaction
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61
	Slide 62
	Slide 63
	Slide 64
	Slide 65
	Slide 66
	Slide 67
	Slide 68
	Slide 69
	Slide 70
	Slide 71
	Slide 72
	Slide 73
	Slide 74
	Slide 75
	Slide 76
	Slide 77
	Slide 78
	Slide 79
	Slide 80
	Slide 81
	Slide 82
	Slide 83
	Slide 84
	Slide 85
	Slide 86
	Slide 87
	Slide 88
	Slide 89
	Slide 90
	Slide 91
	Slide 92
	Slide 93
	Slide 94
	Slide 95
	Slide 96
	Slide 97
	Slide 98
	Slide 99
	Slide 102
	Slide 103
	Slide 104
	Slide 105
	Slide 106
	Slide 107
	Slide 108
	Slide 109
	Slide 110
	Slide 111
	Slide 112
	Slide 113
	Slide 114
	Slide 115
	Slide 116
	Slide 117
	Slide 118
	Slide 119
	Slide 120
	Slide 121
	Slide 122
	Slide 123
	Slide 124
	Slide 125
	Slide 126
	Slide 127: Game-Theoretic Models for Multi-Agent Interaction
	Slide 128
	Slide 129
	Slide 130
	Slide 131
	Slide 132
	Slide 133

